Received: May 29, 2001, Accepted: June 5, 2001

HYPER VERSION

Renormalization of the noncommutative photon self-energy to all orders via Seiberg-Witten map

Andreas Bichl^∗, Jesper Grimstrup^†, Lukas Popp^‡ and Manfred Schweda Institut für Theoretische Physik, Technische Universität Wien Wiedner Hauptstraße 8-10, A-1040 Wien, Austria E-mail: bichl@hep.itp.tuwien.ac.at, jesper@hep.itp.tuwien.ac.at,

popp@hep.itp.tuwien.ac.at, mschweda@tph.tuwien.ac.at

Harald Grosse and Raimar Wulkenhaar^§

Institut für Theoretische Physik, Universität Wien Boltzmanngasse 5, A-1090 Wien, Austria E-mail: grosse@doppler.thp.univie.ac.at,

raimar@doppler.thp.univie.ac.at

Abstract: We show that the photon self-energy in quantum electrodynamics on noncommutative R^4 is renormalizable to all orders (both in θ and ℏ) when using the Seiberg-Witten map. This is due to the enormous freedom in the Seiberg-Witten map which represents field redefinitions and generates all those gauge invariant terms in the θ-deformed classical action which are necessary to compensate the divergences coming from loop integrations.

Keywords: Renormalization Regularization and Renormalons, Non-Commutative Geometry.

∗Work supported in part by “Fonds zur Förderung der Wissenschaftlichen Forschung” (FWF) under contract P14639-TPH.

†Work supported by The Danish Research Agency.

‡Work supported in part by “Fonds zur Förderung der Wissenschaftlichen Forschung” (FWF) under contract P13125-PHY.

§Marie-Curie Fellow.

Contents

1. Introduction 1

2. The freedom in the Seiberg-Witten map 2

3. Field redefinitions 5

4. Quantum field theory 5

5. The photon self-energy in θ-deformed QED 6 5.1 One-loop photon self-energy at second order in θ 7

6. Extension to any order in θ 8

7. Remarks on the fermionic action 9

8. Discussion 11

1. Introduction

Recently Noncommutative Yang-Mills (NCYM) theory has attracted considerable attention. Partly this is due to its role in string theory, where NCYM appears as a certain limit in presence of a constant background field B (see [1] and references therein). On the other hand, NCYM theory (or better: Yang-Mills theory on noncommutative R^4 ) is also an example of gauge theory on a noncommutative algebra which is interesting on its own [2]. Actually the starting point was a combination of both [3].

Although renormalizable at the one-loop level [4, 5, 6], it became clear that noncommutative field theories suffer from a new type of infrared divergences [7, 8] which spoiled renormalization at higher loop order. Possible problems are ring-type divergences and commutants [9]. Although this analysis proved renormalizability for the Wess-Zumino model and complex scalar field theory [9], the situation for gauge theory was desperate.

An alternative approach to NCYM was proposed by Seiberg and Witten [1]. They argued from an equivalence of regularization schemes (point-splitting vs. Pauli- Villars) that there should exist a map (the so-called Seiberg-Witten map) which relates the noncommutative^1 gauge field Â_μ and the noncommutative gauge parameter λ̂ to (local) counterparts A_ν and λ living on ordinary space-time. This approach was popularized in [10] where it was argued that this is the only way to obtain a finite number of degrees of freedom in non-abelian NCYM.

The Seiberg-Witten map leads to a gauge field theory with an infinite number of vertices and Feynman graphs with unbounded degree of divergence, which seemed to rule out a perturbative renormalization. An explicit quantum field theoretical investigation of the Seiberg-Witten map was first performed in [11] for noncommutative Maxwell theory. The outcome at one-loop for the photon self-energy was (to our surprise) gauge invariant and gauge independent. It was not renormalizable. However, the divergences were absorbable by gauge invariant extension terms to the classical action involving θ which we interpreted as coming from a more general scalar product.

It turns out that our extended action is actually a part of the Seiberg-Witten map when exploiting all its freedom, see also [12, 13]. This means that a renormalization of the Seiberg-Witten map itself is able to remove the one-loop divergences. This extends to a complete proof of all-order renormalizability of the photon self-energy. A generalization to other Green’s functions is not obvious, however. This freedom in the Seiberg-Witten map can be regarded as a field redefinition.

2. The freedom in the Seiberg-Witten map

We consider NCYM theory with fermions, regarded as a model on ordinary Minkowski space (with metric g^{μν} ), subject to the altered (non-local) multiplication law for functions f, g on space-time: (f ⋆ g)(x) = ∫ d^4y d^4z δ(y − x) δ(z − x) exp ( i 2 θ^{μν} ∂ ∂y^μ ∂ ∂z^ν ) (f(y)g(z)) . (2.1)

The real parameter θ_{μν} = −θ_{νμ} will be regarded as a constant external field of power-counting dimension −2.

The Seiberg-Witten map [1] expresses the noncommutative gauge fields Â_μ = Â_μ[A_ν , θ], the infinitesimal gauge parameter λ̂ = λ̂[λ, A_ν , θ] and the fermions ψ̂ = ψ̂[ψ, A_ν , θ], ^̄ψ = ^̄ψ[ψ̄, A_ν , θ], which are multiplied according to (2.1), as formal power series of the corresponding gauge-equivalent commutative (but non-abelian)

1One should better say non-local instead of non-commutative because the ⋆-product is a nonlocal product between functions on space-time.

objects A_μ, λ, ψ, ψ̄ to be multiplied in the ordinary way. The gauge-equivalence condition is δ_{λ̂}Â_μ = δ_λÂ_μ , δ_{λ̂}ψ̂ = δ_λψ̂ , δ_{λ̂} ^̄ψ = δ_λ ^̄ψ , (2.2)

with initial condition Â_μ[A_ν , θ = 0] = A_μ , λ̂[λ, A_ν , θ = 0] = λ , ψ̂[ψ, A_ν , θ = 0] = ψ , ^̄ψ[ψ̄, A_ν , θ = 0] = ψ̄ . (2.3)

The noncommutative gauge transformations are defined by

δ_{λ̂}Γ = ∫ d^4x ( tr ( (∂_μλ̂ − i(Â_μ ⋆ λ̂ − λ̂ ⋆ Â_μ)) ⋆ δΓ δÂ_μ ) + + ⟨ Γ ←− δ δψ̂ ⋆ (iλ̂ ⋆ ψ̂) ⟩ + ⟨ (−i ^̄ψ ⋆ λ̂) ⋆ −→ δ Γ δ ^̄ψ ⟩) (2.4)

and the commutative^2 ones by

δ_λΓ = ∫ d^4 x ( tr ( (∂_μλ − i(A_μλ − λA_μ)) δΓ δA_μ ) + ⟨ Γ ←− δ δψ (iλψ) ⟩ + ⟨ (−iψ̄λ) −→ δ Γ δψ̄ ⟩) . (2.5) The bracket ⟨ ⟩ means trace in colour and spinor space.

As shown in [12] there is a big variety of solutions of (2.2) and (2.3) corresponding to field redefinitions. Here we take a subclass of the solutions derived in [12].^3 We denote by Â^{(n)}μ a solution of (2.2) and (2.3) up to order n in θ. Then, a further solution up to the same order n is obtained by adding any gauge-covariant term with exactly^4 n factors of θ,

Â^{(n)}_μ^′ = Â^{(n)}_μ + A^{(n)}_μ ,

A^{(n)}_μ = ∑ (i) κ^{(n)}_i ( g^{∗∗} · · · g^{∗∗} 2n θ_{∗∗} · · · θ_{∗∗} n D_∗ . . . D_∗ l_1 (F_{∗∗}) · · · D_∗ . . . D_∗ l_k (F_{∗∗}))^{(i)}_μ , (2.6)

where ∑_k j=1 l_j = 2n + 1 − 2k. This condition guarantees that Â^{(n)}μ^′ has the same power-counting dimension^5 (= 1) as A_μ when taking θ of power-counting dimension −2. Each ∗ in (2.6) stands for a Lorentz index (all but the free lower index μ

2Although we are first of all interested in QED, we present everything as far as possible in a way which also applies to θ-deformed Yang-Mills theory.

3Similar ideas are used in [13] where a general formalism for the construction of the Seiberg- Witten map is given.

4This is important: A^{(n)}_μ contains exactly n factors of θ whereas Â^{(n)}_μ contains 0 ≤ j ≤ n factors of θ._5

Power-counting dimensions dim are defined as follows: dim(A_μ) = dim(Â_μ) = 1, dim(ψ) = dim(ψ̂) = dim(ψ̄) = dim( ^̄ψ) = 3/2, dim(∂_μ) = 1, dim(m) = 1, dim ( ∫ d^4x ) = −4, dim(δ^4(x − y)) = 4, dim ( ∫ d^4p ) = 4, dim(δ^4(p − q)) = −4, dim(θ) = −2.

are summation indices). D_ν = ∂_ν − i[A_ν, . ] is the covariant derivative and F_{μν} = ∂_μA_ν − ∂_ν A_μ − i[A_μ, A_ν ] the (commutative) Yang-Mills field strength. The sum is over all index structures (i) and κ^{(n)}_i ∈ R is a free parameter. Inserted into the gauge-equivalence (2.2) there is on the l.h.s. at order n no further factor of θ coming from λ̂ or the ⋆-product possible:

δ_{λ̂}Â^{(n)}_μ^′ = δ_{λ̂}Â^{(n)}_μ − i[A^{(n)}_μ , λ] ≡ δ_λÂ^{(n)}_μ^′ up to order n . (2.7)

Thus, Â^{(n)}μ^′ is a solution of the gauge-equivalence condition if Â^{(n)}μ is, up to order n. The effect of A^{(n)}μ on the noncommutative field strength F̂_{μν} = ∂_μÂ_ν − ∂_νÂ_μ − i(Â_μ ⋆ Â_ν − Â_ν ⋆ Â_μ) is up to order n given by

F̂^{(n)}_{μν}^′ = F̂^{(n)}_{μν} + D_μA^{(n)}_ν − D_ν A^{(n)}_μ , (2.8)

because no factor θ from Â_α or the ⋆-product can be combined with A^{(n)}μ up to order n. The noncommutative Yang-Mills action is

Σ̂ = − 1

4g^2 ∫ d^4x tr(F̂^{μν}F̂_{μν} ) . (2.9)

Defining Σ̂^{(n)′} as the result of (2.9) when replacing F̂^{(n)}μν by F̂^{(n)}μν^′ and the commutative actions Σ^{(n)′} and Σ^{(n)} as the Seiberg-Witten map of Σ̂^{(n)′} and Σ̂^{(n)}, we obtain up to order n in θ

Σ^{(n)′} = Σ^{(n)} + 1 g^2 ∫ d^4x tr ( F^{μν} D_ν A^{(n)}_μ ) = Σ^{(n)} + 1 g^2 ∫ d^4x tr ( (D_ν F^{νμ})A^{(n)}_μ ) . (2.10) The part Σ^{(n)′} − Σ^{(n)} of the action represents due to (2.6) and the dimension assignment in footnote 5 a gauge invariant action of power-counting dimension 0 with n factors of θ. Gauge invariance means that application of the operator δ_λ defined in (2.5) yields zero. The action Σ^{(n)} is gauge invariant at any order k ≤ n in θ, thus yielding at order n in θ terms which are also present in Σ^{(n)′} − Σ^{(n)}. These terms in Σ^{(n)} can be regarded as a shift to κ^{(n)}_i .

Now we pass to quantum field theory and compute Feynman graphs. The loop integrations will produce divergent 1PI-Green’s functions which under the assumption of an invariant renormalization scheme^6 are gauge invariant field polynomials of power-counting dimension 0. We hope to remove all of these divergences with n factors of θ by a ℏ-redefinition of κ^{(n)}_i . The problem is that (2.10) generates only a subset of all possible gauge invariant actions. For the photon self-energy in θ-deformed QED we are able to show that all divergences actually belong to this subset (section 5). Before we will address the question of a physical meaning of the κ^{(n)}_i .

6If no invariant renormalization scheme is available (or if one chooses a non-invariant scheme for some reason) one should attempt to restore gauge invariance via the quantum action principle and a parameter redefinition. Gauge anomalies are an obstruction to such a program.

3. Field redefinitions

It is possible to rewrite (2.10) in the following form: Σ^{(n)′} = Σ^{(n)} + δ^{(n)}_A Σ^{(n)} up to order n , δ^{(n)}_A Γ = ∫ d^4x A^{a (n)}_μ (x) δΓ δA^a_μ(x) , (3.1)

where Γ is any functional depending on A^a_μ. In (3.1) we use now the component formulation induced by A_μ = A^a_μT_a, with [T_a, T_b] = if^c_{ab} T_c. This suggests to consider A^{a (n)}μ as a field redefinition of A^a_μ. As such we must check how it commutes with the local Ward identity operator with respect to a variation of the gauge field

W^λ_a (y) = δ δλ^a(y) δ_λ = −∂^y_μ δ δA^a_μ(y) − f^c_{ab} A^b_μ(y) δ δA^c_μ(y) , (3.2)

where δ_λ is defined in (2.5). To the commutator δ^{(n)}_A W^λ_a (y)Γ − W^λ_a (y)δ^{(n)}_A Γ there is only a contribution if both operators δ^{(n)}_A and W^λ_a (y) hit the same field A_μ in Γ, hence it is sufficient to consider Γ → A^c_μ(x). Then we have

δ^{(n)}_A W^λ_a (y)A^c_μ(x) = −f^c_{ab} A^{b (n)}_μ (y) δ(x − y) due to (3.2) and (3.1) and W^λ_a (y)δ^{(n)}_A A^c_μ(x) = W^λ_a (y)A^{c (n)}_μ (x) = −f^c_{ab} A^{b (n)}_μ (y) δ(x − y)

because of the covariance δ_λA^{(n)}μ = i[λ, A^{(n)}μ ], see (2.6). This means [δ^{(n)}_A , W^λ_a (y)] ≡ 0 , (3.3) i.e. all κ^{(n)}_i in A^{(n)}μ must be regarded as parametrizations of field redefinitions.

4. Quantum field theory

The basic object in quantum field theory is the generating functional Γ of one-particle irreducible (1PI) Green’s functions (with n factors of θ)

Γ[A_{cℓ}]^{(n)} = ∑ N≥2 1 N! ∫ d^4x_1 · · · d^4x_N A^{a1}_{μ1 cℓ}(x_1) · · · A^{aN}_{μN cℓ}(x_N ) ×

× ⟨0|T A^{μ1}_{a1} (x_1) . . . A^{μN}_{aN} (x_N )|0⟩^{(n)}_{1PI} (4.1) in terms of classical fields A_{cℓ}. Colour indices are denoted by a_i. The vacuum expectation value of the time-ordered product of fields in (4.1) is the Fourier transform of the N-point vertex functional in momentum space,

⟨0|T A^{μ1}_{a1} (x_1) . . . A^{μN}_{aN} (x_N )|0⟩^{(n)}_{1PI} = (4.2) = ∫ d^4p_1 (2π)^4 · · · d^4p_N (2π)^4 δ^4(p_1 + · · · + p_N ) e^{−ip1x1} · · · e^{−ipN xN} Γ^{μ1...μN (n)}_{a1...aN} (p_1, . . . , p_N ) with dim (Γ^{μ1...μN}_{a1...aN} (p_1, . . . , p_N )) = 4 − N. Due to the n factors of θ, the momentum space degree of divergence of Γ^{μ1...μN (n)}a_1...a_N (p_1, . . . , p_N ) is ω = 4 + 2n − N. The local Ward identity operator (3.2) applied to (4.1),

W^λ_a (y)Γ[A_{cℓ}]^{(n)} = −∂^y_ρ δΓ[A_{cℓ}]^{(n)} δA^a_{ρ cℓ}(y) − f^c_{ab} A^b_{ρ cℓ}(y) δΓ[A_{cℓ}]^{(n)} δA^c_{ρ cℓ}(y) , (4.3)

is evaluated in presence of an invariant renormalization scheme to

W^λ_a (y)Γ[A_{cℓ}]^{(n)} = ∂^μ∂_μB_a(y) + f_{abc}A^b_{μ cℓ}(y)∂^μB^c(y) .

Here, B is the multiplier field required for gauge-fixing. In a linear gauge^7 there are no vertices with external B-lines and thus no divergent 1PI Green’s functions with external B (furthermore, B is independent of θ). Therefore we have the local Ward identity W^λ_a (y)Γ[A_{cℓ}]^{(n)} = 0 for Γ[A_{cℓ}]^{(n)} being 1PI and divergent. Then, functional derivation of (4.3) with respect to A^{a1}_{μ1 cℓ}(x_1) · · · A^{aN}_{μN cℓ}(x_N ), followed by putting the remaining A^b_{ν cℓ}(z) = 0, gives

0 = −∂^y_ρ ⟨0|T A^ρ_a(y)A^{μ1}_{a1} (x_1) . . . A^{μN}_{aN} (x_N )|0⟩^{(n)}_{1PI} − − N∑ j=1 f^c_{aaj} δ(y − x_j ) ⟨ 0 | | |T A^{μj}_c (y)A^{μ1}_{a1} (x1) · · ·^jˇ · · · A^{μN}_{aN} (xN ) | | |0 ⟩_{(n)} 1PI . (4.4)

where^jˇ means omission of A^{μj}a_j (x_j ).

5. The photon self-energy in θ-deformed QED

We recall that ω = 4 + 2n − N is the power-counting degree of divergence for the N-point photon vertex functionals with n factors of θ, independent of the internal structure of the Feynman graphs. Due to translation invariance (or momentum conservation) we therefore have

⟨0|T A^{μ1} (x_1) . . . A^{μN} (x_N )|0⟩^{(n)}_{1PI} = (5.1) = ∑ (i) κ^{′(n)}_i ( g^{∗∗} · · · g^{∗∗} 2n+2 θ_{∗∗} · · · θ_{∗∗} n ∂_∗ · · · ∂_∗ 4+2n−N (δ(x_1 −x_2) · · · δ(x_{N−1} −x_N )) )_{(i)μ1 ...μN} .

The sum is over all index structures (i) with appropriate numerical factors κ^{′(n)}_i , and the derivatives are with respect to any of the coordinates x_1, . . . , x_N . We insert (5.1) into (4.1) and integrate by parts. Assuming an invariant renormalization scheme (such as dimensional regularization), the local Ward identity (4.4), with f^c_{ab} = 0,

7We refer to [11] for a natural nonlinear gauge in θ-deformed Maxwell theory.

implies that the generating functional Γ[A_{cℓ}]^{(n)} must be a function of the classical field strength F_{cℓ μν} = ∂_μA_{cℓ ν} − ∂_ν A_{cℓ μ}:

Γ[A_{cℓ}]^{(n)} = ∑ N≥2 1 N! ∫ d^4x_1 · · · d^4x_N ∑ (i) κ^{′(n)}_i ( g^{∗∗} · · · g^{∗∗} 2n+2 θ_{∗∗} · · · θ_{∗∗} n ×

× ∂_∗ . . . ∂_∗ 4+2n−2N (F_{∗∗cℓ}(x_1) · · · F_{∗∗cℓ}(x_N )) δ(x_1 − x_2) · · · δ(x_{N−1} − x_N ) )_{(i)} . (5.2)

From the Ward identity it follows in particular that N ≤ n + 2.

Now we specialize (5.2) to the photon self-energy, i.e. to the N = 2 part in (5.2). All derivatives can be assumed acting on F_{∗∗cℓ}(x_1). There are both 2n indices on θ_{∗∗} and ∂_∗, but we have θ^{αβ}∂^{x1}_α ∂^{x1}_β = 0. Therefore, there is for n ≥ 1 always one of the terms ∂^μF_{μν} or ∂^α∂_αF_{μν} = ∂_μ∂^αF_{αν} − ∂_ν ∂^αF_{αμ} in the N = 2 part of (5.2). But this is according to (2.10) nothing but the structure of a noncommutative Maxwell action after Seiberg-Witten map (with D_ν ≡ ∂_ν ), which thus is able to absorb all divergences coming from loop integrations: the two-point function in the noncommutative Maxwell action

Σ̂^′ = − 1 4g^2 ∫ d^4x F̂^{μν ′}F̂^′_{μν} (5.3)

is renormalizable at order n in θ and any order L in ℏ due to the gauge-covariant terms A^{(n)}μ in the Seiberg-Witten map, i.e. by a ℏ-redefinition of κ^{(n)}_i which preserves the form of (5.3).

The argument does not work for N-point functions with N ≥ 3. For instance, it is now possible to contract all derivatives in (5.2) with the factors of θ as the following contribution to the 3-point function shows: ∫ d^4x_1 d^4x_2 d^4x_3θ^{γδ}

(_3 ∏ i=1 θ^{αiβi} ∂^{x1}_{αi} ∂^{x2}_{βi} ) (F_{γδ}(x_1)F^{μν} (x_2)F_{μν} (x_3)) δ(x_1 − x_2)δ(x_2 − x_3) .

The complete renormalization of NCYM theories remains an open problem.

5.1 One-loop photon self-energy at second order in θ

As an example let us look at the lowest orders of noncommutative Maxwell theory studied in [11]. In order θ^1 there is only one^8 gauge covariant (here: invariant) extension to the Seiberg-Witten map:

A^{(1)}_μ = κ^{(1)}_1 θ_{μα}∂_β F^{αβ} ,

8The free index μ can not occur via ∂_μ because this would lead to a vanishing field strength. Moreover, one has to take the Bianchi identity into consideration.

which, however, drops out of the Maxwell action, F^{μν} θ_{μα}∂_ν ∂_βF^{αβ} = −θ_{μα}(∂_ν F^{μν} ) × (∂_β F^{αβ}) = 0. At order θ^2 we have, up to total derivatives ∂_μ( . ) and Bianchi identity, four different terms^9 in (2.6):

A^{(2)}_μ = κ^{(2)}_1 g^{αγ} g^{βδ}g^{λρ}g^{στ} θ_{αβ} θ_{γδ}∂_λ∂_ρ∂_σF_{τ μ} + κ^{(2)}_2 g^{αγ} g^{βλ}g^{δρ}g^{στ} θ_{αβ} θ_{γδ}∂_λ∂_ρ∂_σF_{τ μ} + + κ^{(2)}_3 g^{βσ}g^{γτ} g^{αλ}g^{δρ}θ_{μβ} θ_{γδ} ∂_α∂_λ∂_ρF_{στ} + κ^{(2)}_4 g^{γτ} g^{βδ}g^{αλ}g^{ρσ}θ_{μβ} θ_{γδ} ∂_α∂_λ∂_ρF_{στ} . (5.4) These lead to the following terms in the action (2.10):

Σ^{(2)′} = Σ^{(2)} + 1 g^2 ∫ d^4xA_μ ( (g^{μν} □ − ∂^μ∂^ν ) ( κ^{(2)}_1 θ^2□^2 + κ^{(2)}_2 ~□□ ) + κ^{(2)}_3 ~∂^μ ~∂^ν □^2 + (5.5)

+ κ^{(2)}_4 ( θ^{μα}θ^ν_α□^3 + ( ~∂μ∂ν + ~∂ν ∂μ ) □^2 + ∂^μ∂^ν ~□□ )) A_ν , where □ = ∂^α∂_α, ~∂^α = θ^{αβ}∂_β , ~∂^α = θ^{αβ} ~∂_β , ~□ = ~∂^α ~∂_α and θ^2 = θ^{αβ} θ_{αβ} . The r.h.s. of (5.5) can now be rewritten in the following form: 1 g^2 ∫ d^4x ∂_ρF^{ρμ}(x)A^{(2)}_μ (x) = 1 2g^2 ∫ d^4x d^4y A_μ(x)A_ν (y) ⟨0|T A^μ(x)A^ν (y)|0⟩^{(2)}_{1PI} , (5.6) with ⟨0|T A^μ(x)A^ν (y)|0⟩^{(2)}_{1PI} = ( (g^{μν}□ − ∂^μ∂^ν ) ( 2κ^{(2)}_1 θ^2□^2 + 2κ^{(2)}_2 ~□□ ) + 2κ^{(2)}_3 ~∂^μ ~∂^ν □^2 +

+ 2κ^{(2)}_4 ( θ^{μα}θ^ν_α□^3 + ( ~∂μ∂ν + ~∂ν ∂μ ) □^2 + ∂^μ∂^ν ~□□ )) x × ×δ(x − y) . (5.7) Comparing (5.5) with the one-loop calculation in [11] we see that the following renormalization of κ^{(2)}_1 , . . . , κ^{(2)}_4 ,

κ^{(2)}_1 → κ^{(2)}_1 − g^2ℏ 16(4π)^2ε

, κ^{(2)}_2 → κ^{(2)}_2 +

7g^2ℏ 40(4π)^2ε , κ^{(2)}_3 → κ^{(2)}_3 + g^2ℏ 60(4π)^2ε

, κ^{(2)}_4 → κ^{(2)}_4 + g^2ℏ 8(4π)^2ε

, (5.8)

cancels precisely the one-loop divergences in the photon self-energy. In other words, (5.8) provides a formal power series κ^{(2)}_i [ℏ] such that the one-loop photon self-energy Green’s function is at order θ^2 renormalizable. However, (5.8) represent unphysical renormalizations because the κ’s parametrize field redefinitions, see section 3. This means that at order 0 in ℏ the κ^{(2)}_i may be set to zero.

6. Extension to any order in θ

It remains to prove that the gauge-equivalence (2.2) of the Seiberg-Witten map can be extended to order n + 1 in θ. This is not clear a priori because the gauge transformations δ_{λ̂} and δ_λ applied to A^{(n)}μ produce very different results at higher order in θ.

9There are no divergent graphs of order 2 in θ with more than two external photon lines.

We expand Â^{(n+1)}μ into a Taylor series:

Â^{(n+1)}_μ =^{n+1} ∑ k=0 1 k! θ^{α1β1} · · · θ^{αkβk} ( ∂^kÂ^{(n+1)}μ ∂θ^{α1 β1} . . . ∂θ^{αk βk} ) θ=0 = A_μ + n+1∑ k=1 1 k! θ^{α1β1} θ^{α2β2} · · · θ^{αk βk} ( ∂^{k−1} ∂θ^{α2 β2} . . . ∂θ^{αk βk} ( ∂Â^{(n+1)}μ ∂θ^{α1 β1} )) θ=0 . (6.1)

We recall now the Seiberg-Witten differential equation^{10} [1] ∂Â_μ ∂θ^{αβ} = − 1 8 { Â_α, (F̂_{βμ} + ∂_βÂ_μ) } ⋆ + 1 8 { Â_β , (F̂_{αμ} + ∂_αÂ_μ) } ⋆ (6.2)

for a solution Â_μ of (2.2), where {X, Y }_⋆ := X ⋆ Y + Y ⋆ X is the ⋆-anticommutator. We see that ∂Â^{(n+1)}μ /∂θ^{αβ} requires knowledge of only Â^{(n)}ν (i.e. of the Seiberg-Witten map up to order n). Taking the general order-n solution (2.6), i.e. including A^{(n)}ν , we obtain a Seiberg-Witten map up to order n + 1,

Â^{(n+1)} μ ′ = A_μ − 1 4 n+1∑ k=1 1 k! θ^{α1β1} · · · θ^{αkβk} ( ∂^{k−1} ∂θ^{α2β2} . . . ∂θ^{αkβk} { Â^{(n)}_{α1}^′, ( F̂^{(n)}_{β1μ}^′ + ∂_{β1}Â^{(n)}_μ^′ )} ⋆ ) θ=0 + + A^{(n+1)}_μ , (6.3)

which implies renormalizability up to order n + 1 in θ. Accordingly, the noncommutative gauge parameter is at order n + 1 in θ obtained as

λ̂^{(n+1)} = λ − 1 4 n+1∑ k=1 1 k! θ^{α1β1} · · · θ^{αk βk} ( ∂^{k−1} ∂θ^{α2 β2} . . . ∂θ^{αk βk} { Â^{(n)}_{α1}^′, ∂_{β1}λ̂^{(n)} } ⋆ ) θ=0 .

Thus we have proved by induction that the photon self-energy arising from the noncommutative Maxwell action (5.3) is (under the assumption of an invariant renormalization scheme) renormalizable to all orders in θ and ℏ via a general Seiberg- Witten map. Observe that Â^{(n+1)}μ^′ is a complicated nonlinear function of κ^{(j)}_i for j ≤ n. 7. Remarks on the fermionic action

We would like to extend the renormalizability proof for the photon self-energy to Green’s functions in θ-deformed QED [14] containing fermions. So far we did not succeed, nevertheless we present some ideas which hopefully turn out to be useful. On that level we can formulate everything for Yang-Mills theory with fermions.

10We would like to stress that (6.2) guarantees dim(Â_μ) = 1 to all orders of θ.

In analogy to (2.6) we add to a solution ψ̂^{(n)} of the gauge-equivalence (2.2) the most general gauge-covariant term in ψ with exactly n factors of θ:

ψ̂^{(n)′} = ψ̂^{(n)} + Ψ^{(n)} ,

Ψ^{(n)} = ∑ (i) κ̃^{(n)}_i ( m^t θ_{∗∗} · · · θ_{∗∗} n ⟨ψ̄P^{r1}_l1_{0 l}1_{...l}1_{k1} ψ⟩ · · · ⟨ψ̄P^{rs}_ls_{0l}s_{1...l}s_{ks} ψ⟩ P^{r0}_l0_l0_{1...l}0_{k0} ψ )_{(i)} , P^{rj}_lj_{0l}j_{1...l}j_{kj} = γ^∗ · · · γ^∗ r_j D^∗ . . . D^∗ l^j_1 (F_{∗∗}) · · · D_∗ . . . D_∗ l^j_{kj} (F_{∗∗}) D̃_∗ · · · D̃_∗ l^j_0

, (7.1)

where ∑_s j=0(2k_j + ∑_{kj} h=0 l^j_h) = 2n−t−3s and ∑_s j=0 r^j = 4n−t−3s. These conditions guarantee that ψ̂^{(n)′} has the same power-counting dimension (= 3/2) as ψ. All indices are summation indices. We have introduced the covariant derivative for fermions D̃_μψ = ∂_μψ − iA_μψ, m is the fermion mass and γμ are the Dirac gamma matrices. The quantity ⟨ψ̄P^r_{l0l1...lk} ψ⟩ is a (gauge invariant) function on space-time obtained by taking the trace in spinor and colour space, without space-time integration.

In the same way as in (2.7), ψ̂^{(n)′} is a solution of the gauge-equivalence (2.2) if ψ̂(n) is:

δ_{λ̂}ψ̂^{(n)′} = δ_{λ̂}ψ̂^{(n)} + iλΨ^{(n)} = δ_λψ̂^{(n)′} up to order n. (7.2) The Seiberg-Witten map for the adjoint spinor ψ̄ = ψ^†γ^0 is simply obtained by hermitean conjugation, using γ^{μ†}γ^0 = γ^0γ^μ: a term

κ̃ Πγ^{μ1} · · · γ^{μr} P^0_{0l}0_{1 ...l}0_{k0} D̃_{ν1} . . . D̃_{νl} ψ

in Ψ^{(n)}, where Π contains all saturated fermions ⟨ψ̄P^r_{l0l1...lk} ψ⟩, is transformed into

~κ̄ (D̃^†_{ν1} . . . D̃^†_{νl} )(ψ̄) γ^{μr} · · · γ^{μ1} P^0_{0l0k0 ...l01}Π̄

in Ψ̄^{(n)}, where D̃^†_νψ̄ = ∂_νψ̄ + iψ̄A_ν .

Then, the noncommutative Dirac action

Σ̂_D = ∫ d^4x ( ⟨ ^̄ψ(iγ^μ∂_μ − m)ψ̂⟩ + ⟨ ^̄ψγ^μÂ_μ ⋆ ψ̂⟩ ) (7.3)

gives after Seiberg-Witten map the real-valued gauge invariant fermionic action

Σ^{(n)}_D^′ = Σ^{(n)}_D + ∫ d^4x ( ⟨ψ̄(γ^μ(i∂_μ +A_μ)−m)Ψ^{(n)}⟩+⟨Ψ̄^{(n)}(γ^μ(i∂_μ +A_μ)−m)ψ⟩ ) . (7.4)

The part Σ^{(n)}_D^′ − Σ^{(n)}_D is due to (7.1) a real-valued gauge invariant integrated field polynomial of power-counting dimension 0 with at least two fermions. Such terms will also come from the action Σ^{(n)}_D , which leads effectively to a shift of κ̃^{(n)}_i . However, this generates only a subset of all gauge invariant fermionic actions [15]. The hope is that (assuming again an invariant renormalization scheme) the (divergent) 1PI Green’s functions are precisely of the form (7.4). As for the N-point photon functions with N ≥ 3, the Ward identity gives no further information.

Assuming it is possible to prove that divergent 1PI Green’s functions are of the form (7.4), let us show that the Seiberg-Witten map (7.1) for fermions can be extended to order n + 1. This goes as in the bosonic case via Taylor expansion and the differential equation implementing the gauge-equivalence: ∂ψ̂ ∂θ^{αβ} = − 1 8 ( 2Â_α ⋆ ∂_βψ̂ − ∂_αÂ_β ⋆ ψ̂ ) + 1 8 ( 2Â_β ⋆ ∂_αψ̂ − ∂_βÂ_α ⋆ ψ̂ ) . (7.5)

Then,

ψ̂^{(n+1)′} = ψ − 1 4 n+1∑ k=1 1 k! θ^{α1β1} · · · θ^{αkβk} × × ( ∂^{k−1} ∂θ^{α2 β2} . . . ∂θ^{αk βk} ( 2Â^{(n)}_{α1}^′ ⋆ ∂_{β1}ψ̂^{(n)′} − ∂_{α1}Â^{(n)}_{β1}^′ ⋆ ψ̂^{(n)′} )) θ=0 + + Ψ^{(n+1)} (7.6)

is the required solution of the gauge-equivalence at order n + 1 in θ. Again, ψ̂^{(n+1)′} is a complicated nonlinear function of κ^{(j)}_i and κ̃^{(j)}_i for j ≤ n.

8. Discussion

We have proved renormalizability of the photon self-energy in noncommutative QED to all orders in perturbation theory. This is the first example of a renormalizable Green’s function in a noncommutative gauge theory. After the classification of diseases of noncommutative QFTs by Chepelev and Roiban [9] there remained not much hope that this could be achieved beyond one-loop.

The alternative approach via the Seiberg-Witten map [1] introduces an infinite number of non-renormalizable vertices with unbounded power-counting degree of divergence into the game. It is therefore surprising that at least for the photon selfenergy such bad divergences can be treated. Fortunately the Seiberg-Witten map is a friendly monster which for each problem in a given order provides a cure in the same order (by shifting the mess to the next order, etc).

In this way we have achieved renormalization of a Green’s function in a gauge theory with an external field of negative power-counting dimension — a model with infinitely many vertices. The point is that via the Seiberg-Witten map all these vertices can be summed up to an action as simple as (5.3). There exist closed formulae for the Seiberg-Witten map to all orders in θ, see [16] and references therein. In [16] there was also given an abstract definition of the freedom in the Seiberg-Witten map which should contain the field redefinitions we used to show renormalizability of the photon self-energy. It should be stressed however that only concrete loop calculations such as done in [11] can determine the parametrization (5.8) which renormalizes the photon self-energy.

Of course the renormalizability proof should be extended to other Green’s functions than the photon self-energy. This is an open problem, but it is plausible now that noncommutative QED is renormalizable. Indeed, the photon self-energy contains (at high enough loop order) graphs of any other Green’s function as subdivergences. These subdivergences assumed to be treated according to the forest formula, we know that the overall divergence of the photon self-energy is renormalizable. The open question is whether the Green’s functions of these subdivergences can give rise to counterterms incompatible with the noncommutative action after field reparametrizations.

A main goal is of course to formulate a renormalizable noncommutative version of the standard model. In this respect we stress that in θ-deformed QED there is only one place for a coupling constant — namely in front of the photon action. It is therefore not possible to have fermions of different electric charge [17]. This is not a problem because in noncommutative geometry a part of the electric charge of the quarks comes from the colour sector [18].

One of the basic principles of renormalization is the independence of the specific way one treats the problems. How can we understand then the UV/IR problem [7, 8] which plagues the θ-undeformed approach and which is completely absent in the Seiberg-Witten framework? We believe that the UV/IR mixing is not really there, it is a non-perturbative artefact absent in perturbation theory — and thus should be treated by non-perturbative techniques as suggested in [9]. Let us consider the integral I = ∫ d^4k e^{ip̃μkμ} k^2

, p̃_μ := θ_{μν} p^ν ,

which is part of the tadpole graph in noncommutative Maxwell theory. The standard integration methods agree in the following (finite!) answer: I = ∫ d^4k e^{ip̃μkμ} k^2 = 4π^2 p̃^μp̃_μ . (8.1)

This (1/p^2) behaviour is the origin of all infrared problems. On the other hand, expanding the exponential we produce at first sight divergences of arbitrary degree: I = ∫ d^4k ∑_∞ n=0 1 n! (ip̃_μk^μ)^n k^2 . Exchanging the sum and the integration, the integral of any term in the series is scaleindependent and IR well-behaved — and as such zero in all standard renormalization schemes: I = ∞∑ n=0 1 n! ∫ d^4k

(ip̃_μk^μ)^n k^2

= 0 . (8.2)

The infrared problem disappeared. There is no contradiction between (8.1) and (8.2) because the integral is clearly not absolutely convergent so that exchanging sum and integration is dangerous. Which one of (8.1) and (8.2) is correct? There are good reasons to believe that the θ-perturbative result (8.2) should be preferred — it leads to a renormalizable photon self-energy. In some sense this can be regarded as a normal ordering in noncommutative renormalization: first the integrals must be performed, then the sums. This eliminates the infrared singularities.

Acknowledgments

First of all we would like to thank Elisabeth Kraus for bringing to our attention the special role of field redefinitions, and for giving valuable comments on an early version of this paper. Also, two of the authors (J.M.G. and H.G.) would like to thank Julius Wess for friendly hospitality at the Ringberg Symposium. Finally, we would like to thank Karl Landsteiner, Dieter Maison, Stefan Schraml, Peter Schupp, Klaus Sibold, Raymond Stora and Julius Wess for fruitful discussions.

References

[1] N. Seiberg and E. Witten, String theory and noncommutative geometry, J. High Energy Phys. 09 (1999) 032 [hep-th/9908142].

[2] A. Connes, Noncommutative geometry, Academic Press, San Diego 1994.

[3] A. Connes, M.R. Douglas and A. Schwarz, Noncommutative geometry and matrix theory: compactification on tori, J. High Energy Phys. 02 (1998) 003 [hep-th/9711162].

[4] C.P. Martín and D. Sánchez-Ruiz, The one-loop UV divergent structure of U(1) Yang- Mills theory on noncommutative R^4, Phys. Rev. Lett. 83 (1999) 476 [hep-th/9903077].

[5] M.M. Sheikh-Jabbari, Renormalizability of the supersymmetric Yang-Mills theories on the noncommutative torus, J. High Energy Phys. 06 (1999) 015 [hep-th/9903107].

[6] T. Krajewski and R. Wulkenhaar, Perturbative quantum gauge fields on the noncommutative torus, Int. J. Mod. Phys. A 15 (2000) 1011 [hep-th/9903187].

[7] S. Minwalla, M.V. Raamsdonk and N. Seiberg, Noncommutative perturbative dynamics, J. High Energy Phys. 02 (2000) 020 [hep-th/9912072].

[8] A. Matusis, L. Susskind and N. Toumbas, The IR/UV connection in the noncommutative gauge theories, J. High Energy Phys. 12 (2000) 002 [hep-th/0002075].

[9] I. Chepelev and R. Roiban, Convergence theorem for non-commutative Feynman graphs and renormalization, J. High Energy Phys. 03 (2001) 001 [hep-th/0008090].

[10] B. Jurčo, S. Schraml, P. Schupp and J. Wess, Enveloping algebra valued gauge transformations for non-abelian gauge groups on non-commutative spaces, Eur. Phys. J. C 17 (2000) 521 [hep-th/0006246].

[11] A.A. Bichl, J.M. Grimstrup, L. Popp, M. Schweda and R. Wulkenhaar, Perturbative analysis of the Seiberg-Witten map, hep-th/0102044.

[12] T. Asakawa and I. Kishimoto, Comments on gauge equivalence in noncommutative geometry, J. High Energy Phys. 11 (1999) 024 [hep-th/9909139].

[13] B. Jurčo, L. Möller, S. Schraml, P. Schupp and J. Wess, Construction of non-abelian gauge theories on noncommutative spaces, hep-th/0104153.

[14] A.A. Bichl, J.M. Grimstrup, L. Popp, M. Schweda and R. Wulkenhaar, Deformed QED via Seiberg-Witten map, hep-th/0102103.

[15] A.A. Bichl, J.M. Grimstrup, H. Grosse, L. Popp, M. Schweda and R. Wulkenhaar, One-loop renormalization of θ-deformed QED at first order in θ — explicit calculation, in preparation.

[16] B. Jurčo, P. Schupp and J. Wess, Nonabelian noncommutative gauge theory via noncommutative extra dimensions, Nucl. Phys. B 604 (2001) 148 [hep-th/0102129].

[17] M. Hayakawa, Perturbative analysis on infrared and ultraviolet aspects of noncommutative qed on R^4, hep-th/9912167.

[18] A. Connes, Gravity coupled with matter and the foundation of non- commutative geometry, Comm. Math. Phys. 182 (1996) 155 [hep-th/9603053].